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6KDQQRQ
V WKHRU\ RI &RPPXQLFDWLRQ KDV EHHQ

WKH FRUQHUVWRQH LQ OD\LQJ WKH IRXQGDWLRQV IRU

WKH GHVLJQ RI VHFXUH FLSKHUV� ,W FRQVLVWV RI

WKUHH LPSRUWDQW SDUDPHWHUV�

�� 'LmXVLRQ

�� &RQIXVLRQ

�� 8QFRQGLWLRQDO 6HFXULW\

,Q WKH VHTXHO ZH H[SODLQ LQ PRUH GHWDLO WKHVH

WKUHH SULQFLSOHV�

�
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$Q LWHUDWLRQ RI D n[HG WUDQVIRUPDWLRQ PD\ LQL�

WLDOO\ GLVSOD\ FRQYLQFLQJO\ JRRG HQFU\SWLRQ TXDO�

LWLHV� EXW PD\ IDLO LQ WKH HQG WR EH D JRRG HQ�

FU\SWLRQ� 7KLV ZH GLVFXVV LQ WKH VHTXHO ZLWK

DQ H[DPSOH�

&RQVLGHU WKH XQLW VTXDUH 6  I�[� \� � � x [� \ �

�J ZLWK WRURLGDO ZUDS�DURXQG DQG WKH WUDQVIRU�
PDWLRQ 7�[� \�  �\� [�� VXFK WKDW
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7KH DpQH GLVWRUWLRQ RI WKH SLFWXUH LV JLYHQ E\

WKH PDWUL[ �
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7KLV JLYHV n[HG SRLQWV IRU WKH WUDQVIRUPDWLRQ

7 � L�H�� SRLQWV �[� \� VXFK WKDW 7�[� \�  �[� \��

(�J�� WKH ODVW HTXDWLRQ LPSOLHV�
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ZKLFK JLYHV ��� n[HG SRLQWV IRU WKH WUDQVIRU�

PDWLRQ 7��� ZLWK FRRUGLQDWHV �L ��� M ���� � �

L� M � ��� �1RWH WKDW WKH WRURLGDO SURSHUW\ LP�

SOLHV WKDW ERWK FRRUGLQDWHV RI WKH ULJKWPRVW

YHFWRU DUH ���

�
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7KH 3ULFLSOH RI &RQIXVLRQ

6KDQQRQ SRVHG WKH IROORZLQJ TXHVWLRQ� 6XS�

SRVH ZH ZDQW WR WUDQVPLW PHVVDJHV DFURVV D

FKDQQHO �ZKHUH V\PEROV PD\ EH GLVWRUWHG�� :KDW

LV WKH PD[LPXP UDWH RI WUDQVPLVVLRQ V�W� WKH

UHFHLYHU PD\ UHFRYHU WKH RULJLQDO PHVVDJH ZLWK�

RXW HUURUV"

,I 9 LV WKH VHW RI V\PEROV WR EH WUDQVPLW�

WHG OHW XV GHnQH WKH JUDSK *  �9�(�� ZKHUH

(�D� E�� V\PERO D PD\ EH FRQIXVHG ZLWK V\P�
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$OO nYH V\PEROV FRXOG EH XVHG IRU WUDQVPLVVLRQ�

%XW VLQFH ZH ZDQW WR DYRLG HUURUV ZH FDQ VHQG

DW PRVW �� HLWKHU D� F RU D� G RU E� G RU E� H RU F� G�

,�H�� DQ LQGHSHQGHQW VHW RI YHUWLFHV� DQG WKH

LQIRUPDWLRQ UDWH LV �  ORJ��

7KH JUDSK * WKXV GHnQHG LV DOVR FDOOHG FRQ�

IXVLRQ JUDSK RI WKH V\PEROV�

:H FDQ LPSURYH WKH LQIRUPDWLRQ UDWH E\ WUDQV�

PLWWLQJ Q V\PEROV DW D WLPH� IRU Q ������ � � �

+RZ FDQ WKH SDLU [\ EH FRQIXVHG ZLWK WKH SDLU

[�\�" ,I RQH RI WKH IROORZLQJ KROGV�

[  [� DQG \ � \� FDQ EH FRQIXVHG
\  \� DQG [ � [� FDQ EH FRQIXVHG
[ � [� FDQ EH FRQIXVHG DQG \ � \� FDQ EH FRQIXVHG
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7KLV DPRXQWV WR WDNLQJ WKH SURGXFW RI D JUDSK

ZLWK LWVHOI� L�H� *�*� � * d*�*� � * d*d
*� � � �

:H FDOO *Q WKH FRQIXVLRQ JUDSK IRU VWULQJV RI

OHQJWK Q�

)RU D JUDSK * OHW o�*� EH WKH VL]H RI WKH ODUJHVW

LQGHSHQGHQW VHW�

7KH LQIRUPDWLRQ UDWH IRU VWULQJV RI OHQJWK Q LV

GHnQHG E\

ORJ�o�*
Q�

Q
 ORJ���o�*

Q��� Q�

(DV\ WR VHH WKDW o�*Q� y �o�*��Q�

6KDQQRQ GHnQHG WKH ]HUR�HUURU FDSDFLW\ RI *

E\ d�*� � VXSQ�o�*
Q��� Q� 7KXV IRU WKH ��

F\FOH &�� o�&��  � DQG WKH LQIRUPDWLRQ UDWH

LV ��

�



&DQ ZH FRPSXWH d�&��" +HUH LV WKH JUDSK
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7KH VHW DD� EF� FH� GE� HG LV LQGHSHQGHQW� 6R o�&�d
&��  �� ,W IROORZV WKDW d�&�� y

S
� DQG KHQFH

WKH LQIRUPDWLRQ UDWH SHU WZR V\PEROV LV DW OHDVW

ORJ�

�
} ���� ! �

,W LV QRQ�WULYLDO WR VKRZ WKDW LQ IDFW d�&��  S
�� $ IDPRXV RSHQ SUREOHP LV WR FRPSXWH

d�&�� DQG PRUH JHQHUDOO\ d�&Q�� ZKHQ Q LV

RGG�

�



352'8&7 &,3+(56 �&UHDWLQJ &RQIXVLRQ�

)RU VLPSOLFLW\ FRQVLGHU FU\SWRV\VWHPV VXFK WKDW

3  &�

*LYHQ WZR FU\SURV\VWHPV 6�� 6� ZLWK UHVSHFWLYH

NH\VSDFHV .��.� ZH GHnQH WKH SURGXFW FU\S�

WRV\VWHP 6� d 6� WR KDYH NH\VSDFH .� d .��

HQFU\SWLRQ UXOH

(�N��N���[�  (N��(N��[��

DQG GHFU\SWLRQ UXOH

'�N��N���\�  'N��'N��\��

([DPSOH� 'HnQH WKH PXOWLSOLFDWLYH FLSKHU 0

E\ WKH HQFU\SWLRQ UXOH (D�[�  D[ PRG ���

ZKHUH JFG�D����  �� ,I 6 LV WKH VKLIW FLSKHU

WKHQ LW LV HDV\ WR VKRZ WKDW 6 d 0  0 d 6

�L�H�� 6 DQG 0 FRPPXWH� LV WKH DpQH FLSKHU�

7KH SURGXFW RSHUDWLRQ d RQ FLSKHUV LV DVVR�

FLDWLYH EXW QRW FRPPXWDWLYH�

�



:H FDQ DOVR LWHUDWH WKH SURGXFW RSHUDWLRQ WR

GHnQH QHZ FLSKHUV� *LYHQ D FLSKHU 6 GHnQH

6�  6 d 6

6Q��  6Q d 6

,I 6�  6 WKHQ WKH FLSKHU LV FDOOHG LGHPSRWHQW�

6LPLODUO\� ZH FDQ ORRN IRU WKH VPDOOHVW LQWHJHU

Q VXFK WKDW 6Q  6 �LI DQ\��

([DPSOH� 7KH 6KLIW� 6XEVWLWXWLRQ� $pQH� +LOO�

9LJHQHUH� DQG 3HUPXWDWLRQ FLSKHUV DUH DOO LGHP�

SRWHQW�

,W PDNHV QR VHQVH WR LWHUDWH LGHPSRWHQW FL�

SKHUV� %XW HYHQ LI LW LV QRW LGHPSRWHQW WKHUH

LV QR JXDUDQWHH WKDW �UHSHDWHG� LWHUDWLRQ ZLOO

OHDG WR D JRRG FLSKHU �VHH QH[W H[DPSOH��

7KH LGHD RI SURGXFW FLSKHUV DQG LWHUDWLRQV DUH

XVHG WR EXLOG '(6�OLNH FLSKHUV�

��



',))86,21 $1' &21)86,21

6KDQQRQ LQWURGXFHG WKH FRQFHSWV RI 'LmXVLRQ

DQG &RQIXVLRQ LQ RUGHU WR FDSWXUH WKH WZR

EXLOGLQJ EORFNV RI DQ\ FU\SWRV\VWHP�

&LSKHUV DUH FRQVWUXFWHG DV ?SURGXFWV� RI WKHVH

WZR EDVLF RSHUDWLRQV� ,Q LGHDO FLSKHUV DQ DSSUR�

SULDWH FRPSRVLWLRQ RI WKHVH RSHUDWLRQV VKRXOG

OHDG WR VWDWLVWLFV VXFK WKDW WKH FLSKHUWH[W LV

LQGHSHQGHQW RI WKH NH\�

,Q 'LmXVLRQ WKH VWDWLVWLFDO VWUXFWXUH RI WKH

SODLQWH[W LV GLVVLSDWHG� 7KLV LV DFKLHYHG E\

KDYLQJ HDFK FLSKHUWH[W FKDUDFWHU EH DmHFWHG

E\ PDQ\ SODLQWH[W FKDUDFWHUV� H�J�� ?DGGLQJ� N
VXFFHVVLYH SODLQWH[W OHWWHUV WR JHW D FLSKHUWH[W

OHWWHU �IRU N VXpFLHQW ODUJH��

,Q &RQIXVLRQ WKH UHODWLRQVKLS EHWZHHQ WKH VWDWLV�

WLFV RI WKH FLSKHUWH[W DQG HQFU\SWLRQ NH\ DUH

PDGH DV FRPSOH[ DV SRVVLEOH� )RU WKLV ZH XVH

FRPSOH[ VXEVWLWXWLRQ DOJRULWKPV� H�J�� SHUPX�

WDWLRQV��

��



8QFRQGLWLRQDO 6HFXULW\

:H ZLOO GHYHORS D WKHRU\ RI XQFRQGLWLRQDO VHFX�

ULW\ XVLQJ WKH IUDPHZRUN RI SUREDELOLW\ WKHRU\�

*LYHQ UDQGRP YDULDEOHV ;�< ZH GHnQH�

S�[�  3U>;  [@� S�\�  3U><  \@�

MRLQW SURE�� S�[� \�  3U>;  [� <  \@�

FRQGLWLRQDO SURE�� S�[M\�  3U>;  [M<  \@�

LQGHSHQGHQFH� S�[� \�  S�[�S�\��

)RUPXOD� S�[� \�  S�[M\�S�\�  S�\�S�\� [��

%D\HV
 7KHRUHP� S�[M\�  S�[�S�\M[�
S�\�

� DVVXP�

LQJ S�\� ! ��

;�< LQGHSHQGHQW � S�[M\�  S�[� � S�\M[�  
S�\� � IRU DOO [� \�

��
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:H DVVXPH WKDW D JLYHQ NH\ LV XVHG IRU RQO\

RQH HQFU\SWLRQ�

3UREDELOLW\ GLVWULEXWLRQV DUH JLYHQ RQ WKH SODLQ�

WH[W VSDFH 3 DQG NH\ VSDFH .� S3�[�� S.�N��

,W LV UHDVRQDEOH WR DVVXPH WKDW WKH\ DUH LQGH�

SHQGHQW� EHFDXVH WKH NH\ LV FKRVHQ LQ DGYDQFH

ZLWKRXW NQRZOHGJH RI ZKDW WKH SODLQWH[W ZLOO

EH�

7KHVH WZR GLVWULEXWLRQV LQGXFH D GLVWULEXWLRQ

RQ WKH FLSKHUVSDFH &� S&�\�� ZKLFK ZH QRZ

HVWLPDWH�

/HW &�N�  I(N�[� � [ � 3J EH WKH VHW RI SRVVL�
EOH FLSKHUWH[WV ZKLFK DUH HQFU\SWHG E\ WKH NH\

N�

��



7KH IROORZLQJ FDOFXODWLRQV FDQ EH PDGH E\ DQ\�
RQH ZKR NQRZV WKH SUREDELOLW\ GLVWULEXWLRQV RI
WKH SODLQWH[W DQG NH\VSDFH�

)RU D JLYHQ FLSKHUWH[W \ � & ZH KDYH�

S&�\�  
;

IN�\�&�N�J
S.�N�S3�'N�\��

:H FDQ FRPSXWH HDVLO\ WKH FRQGLWLRQDO SURE�
DELOLW\ WKDW \ � & LV WKH FLSKHUWH[W JLYHQ WKDW
[ � 3 LV WKH SODLQWH[W�

S&�\M[�  
;

IN�[ 'N�\�J
S.�N�

+HQFH� XVLQJ %D\HV
 IRUPXOD ZH FDQ DOVR FRP�
SXWH WKH FRQGLWLRQDO SUREDELOLW\ WKDW [ LV WKH
SODLQWH[W JLYHQ WKDW \ LV WKH FLSKHUWH[W�

S&�[M\�  
S3 �[�

3
IN�[ 'N�\�J S.�N�3

IN�\�&�N�J S.�N�S3�'N�\��

$ FU\SWRV\VWHP KDV SHUIHFW VHFUHF\ LI S3�[M\�  
S�[�� IRU DOO [ � 3 DQG \ � &�

��



([DPSOH

/HW 3  ID� EJ� .  IN�� N�� N�J� ZLWK S3 �D�  
� �� S3�E�  � �� S.�N��  � �� DQG S.�N��  
S.�N��  � �� /HW &  I�������J�

(QFU\SWLRQ (N�

D E
N� � �
N� � �
N� � �

3UREDELOLW\ 'LVWULEXWLRQ RI S&�

S&���  � �
S&���  � �� � ��  � ��
S&���  � ��� � ��  � �
S&���  � ��

&RQGLWLRQDO 3UREDELOLW\ 'LVWULEXWLRQV�

S3�DM��  � S3�EM��  �
S3�DM��  � � S3�EM��  � �
S3�DM��  � � S3�EM��  � �
S3�DM��  � S3�EM��  �

��



6KLIW &LSKHU KDV 3HUIHFW 6HFUHF\

$VVXPH WKDW WKH �� NH\V KDYH HTXDO SUREDELOLW\
� ��� S& LV FRPSXWHG DV IROORZV�

S&�\�  
;

Nx��
S.�N�S3�'N�\��  

;
Nx��

S3�\ b N�

��

6LQFH I\ b N � \ � &J LV D SHUPXWDWLRQ RI WKH
�� FLSKHUFKDUDFWHUV ZH PXVW KDYH

;
Nx��

S3�\ b N�

��
 
�

��

;
Nx��

S3�\�  
�

��

)RU HYHU\ [� \ WKHUH LV D XQLTXH N �QDPHO\� N  
\ b [� VXFK WKDW (N�[�  \� +HQFH S&�\M[�  
S.�\ b [�  � ��� 8VLQJ %D\HV
 IRUPXOD ZH
KDYH�

S3�[M\�  
S3�[�S&�\M[�

S&�\�
 

S3�[� ��

� ��
 S3 �[�

+HQFH� WKH VKLIW FLSKHU LV XQEUHDNDEOH SURYLGHG
WKDW D QHZ UDQGRP NH\ LV XVHG WR HQFU\SW HYHU\
SODLQWH[W FKDUDFWHU�

��



3HUIHFW 6HFUHF\

:�O�R�J� ZH PD\ DVVXPH S&�\� ! �� � \ � & �LI
QRW� WKHQ \ LV QHYHU XVHG DQG FDQ EH RPLWWHG��

$VVXPH WKH FU\SWRV\VWHP KDV SHUIHFW VHFUHF\�

%\ %D\HV
 WKHRUHP� S3�[M\�  S3 �[�� � [ � 3� \ �
& � S&�\M[�  S&�\�� � [ � 3� \ � &

)L[ [ � 3 � )RU HDFK \ � & ZH KDYH S&�\M[�  3
IN�[ 'N�\�J S.�N�  S&�\� ! ��

+HQFH� IRU HDFK \ � & WKHUH LV DW OHDVW RQH NH\
N � . VXFK WKDW (N�[�  \�

,W IROORZV WKDW M.M y M&M� ,Q DQ\ FU\SWRV\VWHP
ZH PXVW DOZD\V KDYH M&M y M3 M� +HQFH�

M.M y M&M y M3 M

:KDW KDSSHQV LQ WKH ERXQGDU\ FDVH

M.M M&M M3 M"
��



&RQWLQXHG

�6KDQQRQ
V 7KHRUHP� 6XSSRVH WKH FU\SWRV\V�

WHP �3�&�.�(�'� VDWLVnHV M.M  M&M  M3 M�
7KHQ LW KDV SHUIHFW VHFUHF\ � �D� HYHU\ NH\

LV XVHG ZLWK HTXDO SUREDELOLW\ � M.M DQG �E�
� [ � 3 � �N � .�(N�[�  \��

��� $VVXPH WKH FU\SWRV\VWHP SURYLGHV SHUIHFW
VHFUHF\� L�H�� S3�[M\�  S3�[�� � [ � 3� \ � &� %\

WKH SUHYLRXV REVHUYDWLRQ� IRU HDFK [ � 3 � DQG

\ � & WKHUH LV DW OHDVW RQH NH\ N � . VXFK WKDW

(N�[�  \�

+HQFH� M&M  MI(N�[� � N � .JM x M.M� %\ DV�
VXPSWLRQ M&M M.M� +HQFH DOVR M.M MI(N�[� �

N � .JM� ,W IROORZV WKHUH GR QRW H[LVW NH\V

N� � N� VXFK WKDW (N��[�  (N��[�  \�

7KLV SURYHV SDUW �E�� � [ � 3 � �N � .�(N�[�  

\� RI WKH LPSOLFDWLRQ�

��



&RQWLQXHG

1RZ ZH SURYH SDUW �D�� )L[ \ � &� 3XW

Q  M.M DQG OHW 3  I[�� [�� � � � � [QJ DQG .  

IN�� N�� � � � � NQJ LQ VXFK D ZD\ WKDW (N��[��  

(N��[��  c c c  (NQ�[Q�  \

7KH SHUIHFW VHFUHF\ FRQGLWLRQ DQG %D\HV
 WKH�

RUHP LPSO\�

S3�[L�  S3�[LM\�  S&�\M[L�S3 �[L�
S&�\�

 
S.�NL�S3 �[L�

S&�\�

7KLV LPSOLHV S.�NL�  S&�\�� IRU DOO L ���� � � � � Q

DQG FRPSOHWHV WKH SURRI RI SDUW �E��

7KH FRQYHUVH� L�H� WKDW SDUWV �D� DQG �E� LPSO\

SHUIHFW VHFUHF\ LV WKH VDPH DV WKH SURRI RI

WKH SHUIHFW VHFUHF\ RI WKH VKLIW FLSKHU SURYHG

HDUOLHU�

��



�9HUQDP� 2QH�WLPH 3DG

6KDQQRQ
V 7KHRUHP RmHUV D ULJRURXV SURRI RI
WKH SHUIHFW VHFUHF\ RI 9HUQDP
V FLSKHU� nUVW
SURSRVHG E\ 9HUQDP LQ ����� 7KH FU\SWRV\V�
WHP FDQ EH GHVFULEHG DV IROORZV� M3 M  M&M  
M.M �=��Q�

7KH NH\ N  �N�� N�� � � � � NQb�� LV D UDQGRP VH�
TXHQFH RI ELWV JHQHUDWHG E\ VRPH ?JRRG UDQ�
GRP JHQHUDWRU��

$ SODLQWH[W [  �[�� � � � � [Qb�� LV HQFU\SWHG E\
(N�[�  �[��N� PRG �� � � � � [Qb��NQb� PRG ��

$ FLSKHUWH[W \  �\�� � � � � \Qb�� LV GHU\SWHG E\
'N�\�  �\��N� PRG �� � � � � \Qb��NQb� PRG ��

8QIRUWXQDWHO\� LW LV YXOQHUDEOH WR NQRZQ SODLQ�
WH[W DWWDFN� N FDQ EH FRPSXWHG IURP [ DQG
(N�[��

$OVR� WKH IDFW WKDW M.M y M3 M PHDQV WKDW WKH
?DPRXQW� RI NH\V WR EH FRPPXQLFDWHG LV DV
ELJ DV WKH ?DPRXQW� RI SODLQWH[W�

��



(17523<

:H FRQVLGHUHG WKH FDVH ZKHQ D NH\ LV XVHG IRU

RQO\ RQH HQFU\SWLRQ� :KDW KDSSHQV ZKHQ WKH

VDPH NH\ LV XVHG RQ PRUH WKDQ RQH SODLQWH[W"

7KH EDVLF WRRO LV WKH HQWURS\ ZKLFK DOVR PHD�

VXUHV WKH XQFHUWDLQW\ RI D V\VWHP�

&RQVLGHU D UDQGRP YDULDEOH ; ZKLFK WDNHV RQ D

nQLWH VHW RI YDOXHV ZLWK SUREDELOLW\ GLVWULEXWLRQ

S�;� � 3U>;  [@�

4XHVWLRQ� :KDW LV WKH LQIRUPDWLRQ JDLQHG E\

DQ HYHQW WKDW WDNHV SODFH ZLWK SUREDELOLW\ GLV�

WULEXWLRQ S�;�"

(TXLYDOHQW 4XHVWLRQ� ,I WKH HYHQW KDV QRW

WDNHQ SODFH ZKDW LV WKH XQFHUWDLQW\ DERXW WKH

RXWFRPH"

:H FDOO WKLV TXDQWLW\ HQWURS\ RI ; DQG GHQRWH

E\ +�;��

��



:H DUH LQWHUHVWHG LQ TXDQWLI\LQJ ?LQIRUPDWLRQ�

LQ WKH VHQVH RI SUREDELOLW\ WKHRU\�

7KLV LV QRW WKH VDPH DV LQIRUPDWLRQ LQ HYHU\GD\

ODQJXDJH�

7KH FRQFHSW KDV QRWKLQJ WR GR ZLWK ?PHDQ�

LQJ�� ,QVWHDG LW LV UHODWHG PRUH WR ?VXUSULVH��

�� 7KHUH ZDV VQRZ LQ 2WWDZD LQ -XO\�

�� , ZLOO KDYH GLQQHU WRPRUURZ�

�� -446 4594 84$7 44$%

7KH nUVW VHQWHQFH LV PRVW VXUSULVLQJ� WKH VHF�

RQG KDV PHDQLQJ EXW QR VXUSULVH� DQG WKH WKLUG

LV JDUEDJH�

��



*LYHQ DQ H[SHULPHQW ZLWK Q HTXLSUREDEOH RXW�

FRPHV (�� (�� � � � � (Q KRZ PXFK LQIRUPDWLRQ LV

FRQYH\HG RQ WKH DYHUDJH E\ D PHVVDJH0 WHOOLQJ

XV ZKLFK RI WKH RXWFRPHV KDV DFWXDOO\ RFFXUUHG"

,W VHHPV UHDVRQDEOH WR WDNH DV PHDVXUH RI WKLV

LQIRUPDWLRQ WKH DYHUDJH OHQJWK RI WKH PHVVDJH

SURYLGHG 0 LV ZULWWHQ LQ DQ ?HFRQRPLFDO� ZD\�

)RU H[DPSOH� VXSSRVH ZH XVH ?ELQDU\ FRGH�

RI OHQJWK W� D VHTXHQFH E�E� c c c EW RI ELWV� 2E�
YLRXVO\ WKHUH DUH �W VXFK VHTXHQFHV RI OHQJWK

W� 7R LGHQWLI\ XQLTXHO\ DOO WKH HYHQWV ZH PXVW

FKRRVH W V�W� Q � �W� +HQFH� W  ORJQ ZRXOG

EH D UHDVRQDEOH GHnQLWLRQ RI WKH DPRXQW RI

LQIRUPDWLRQ LQ WKH PHVVDJH�

/HW WKH HYHQWV (�� (�� � � � � (Q KDYH SUREDELOLWLHV

S�� S�� � � � � SQ� UHVSHFWLYHO\� 1RZ SHUIRUP DQ H[�

SHULPHQW 1 WLPHV DQG VHQG D PHVVDJH 0 FRQ�

YH\LQJ WKH UHVXOW RI WKH ZKROH VHULHV RI0 WULDOV�

$Q H[SHULPHQW LV D VHTXHQFH (L�� (L�� � � � � (L1
ZLWK (LN WKH RXWFRPH RI WKH N�WK WULDO�

��



,I 1N LV WKH QXPEHU RI RFFXUUHQFHV RI WKH HYHQW

(N WKHQ SN } 1N
1 � E\ WKH ODZ RI ODUJH QXPEHUV�

KHQFH 1N } 1SN DQG 1  1� �1� � c c c�1Q�

,W IROORZV� WKH WRWDO QXPEHU RI RXWFRPHV LV

VQ } 1�

1�� c c c1Q�
���

7KLV VXJJHVWV WKH DYHUDJH QXPEHU W RI ELWV
QHHGHG WR HQFRGH WKH PHVVDJH 0 VKRXOG VDW�

LVI\ W  OQ VQ
1 � 8VLQJ ��� DQG 6WLUOLQJ
V DSSUR[L�

PDWLRQ

VQ }
S
�}111Hb1

S
�}1�1

1�
� Hb1� c c c S �}1Q1

1Q
Q Hb1Q

,W IROORZV WKDW

OQ VQ } 1 OQ1 b 31
N �1N OQ�1SN�

} 1 OQ1 b 31
N �1SN OQ�1SN�

 1 OQ1 b 31
N �1SN OQ1 b31

N �1SN OQ SN
 b1

31
N � SN OQ SN

+HQFH�

W 
OQ VQ

1
 b

1;
N �

SN OQ SN

��



([DPSOH �� /HW ; GHQRWH WKH WRVV RI D IDLU

FRLQ ZLWK 3U>;  KHDGV@  3U>;  WDLOV@  

� �� 7KH LQIRUPDWLRQ RU HQWURS\ RI D FRLQ WRVV

LV � ELW� EHFDXVH LW WDNHV RQH ELW WR HQFRGH

KHDGV RU WDLOV� 6LPLODUO\ WKH HQWURS\ RI Q LQGH�

SHQGHQW FRLQ WRVVHV LV Q�

([DPSOH �� /HW ; GHQRWH D UDQGRP YDUL�

DEOH WKDW WDNHV RQ WKH YDOXHV [�� [�� [� ZLWK

3U>;  [�@  � ��3U>;  [�@  3U>;  [�@  

� �� 7KH ?PRVW HpFLHQW� HQFRGLQJ RI WKH

WKUHH HYHQWV LV WR HQFRGH ;  [� ZLWK �� DQG

;  [��;  [� ZLWK ������ UHVSHFWLYHO\� 7KH

DYHUDJH QXPEHU RI ELWV LQ WKLV HQFRGLQJ LV

�

�
c �� �

�
c �� �

�
c �  �

�

7KH H[DPSOHV VXJJHVW WKDW WKH QXPEHU RI ELWV

UHTXLUHG WR HQFRGH DQ HYHQW ;  [ PLJKW EH

DSSUR[LPDWHO\ b ORJ3U>;  [@� ZKLFK JLYHV ULVH

WR WKH IROORZLQJ GHnQLWLRQ�

��



7KH HQWURS\ RI WKH UDQGRP YDULDEOH ; LV GH�

nQHG WR EH

+�;�  b;
[
3U>;  [@ ORJ3U>;  [@

)RU D FU\SWRV\VWHP� ZH DUH LQWHUHVWHG LQ WKH

HQWURSLHV +�.��+�3��+�&� RI WKH UDQGRP YDUL�

DEOHV RI .�3�&�

5HPDUN� ,I 3U>;  [@  �� ZH GHnQH 3U>;  

[@ ORJ3U>;  [@  �� �OLPW�� W ORJ W  ���

/HW WKH U�Y� ; WDNH RQ YDOXHV [�� � � � � � [Q�

,I 3U>;  [L@  � Q� � L� WKHQ

+�;�  b
Q;

L �

3U>;  [L@ ORJ3U>;  [L@  ORJQ

$OVR� LW LV HDV\ WR VHH WKDW +�;�  �� � L�3U>;  
[L@  �	� M � L�3U>;  [M@  ���

��



�3UHYLRXV� ([DPSOH

/HW 3  ID� EJ� .  IN�� N�� N�J ZLWK FRUUH�
VSRQGLQJ GLVWULEXWLRQV

c S3�c�  
D � �
E � �
c S.�c�  
N� � �
N� � �
N� � �

/HW &  I�������J� 7KH GLVWULEXWLRQ S& LV�

S&���  � �
S&���  � �� � ��  � ��
S&���  � ��� � ��  � �
S&���  � ��

:H FDQ HDVLO\ FDOFXODWH WKH HQWURSLHV

+�3�  b�� ORJ �� b �� ORJ �� } ����
+�.�  b�� ORJ �� b ��� ORJ ��  ���
+�&�  } ����

��



+8))0$1 (1&2',1*6

/HW ; EH D U�Y� ZKLFK WDNHV RQ D nQLWH VHW

RI YDOXHV� $Q HQFRGLQJ RI ; LV D IXQFWLRQ I �

; � I���Je� :H FDQ H[WHQG I WR D IXQFWLRQ

I � ;e � I���Je LQ WKH REYLRXV ZD\� *LYHQ D
nQLWH VWULQJ [�� � � � � [Q RI HYHQWV ZH GHnQH

I�[�� � � � � [Q�  I�[��MM c c c MMI�[Q��
ZKHUH MM LV VWULQJ FRQFDWHQDWLRQ� ,I D VWULQJ
[� c c c[Q LV SURGXFHG E\ D PHPRU\OHVV VRXUFH
DFFRUGLQJ WR D SUREDELOLW\ GLVWULEXWLRQ RQ ;

WKHQ WKH SUREDELOLW\ RI WKH VWULQJ [� c c c[Q LV
HTXDO WR S�[�� c c c S�[Q��

([DPSOH� /HW ;  ID� E� F� GJ DQG FRQVLGHU WKH
IROORZLQJ WKUHH HQFRGLQJV�

I�D�  � I�E�  �� I�F�  ��� I�G�  ����
J�D�  � J�E�  �� J�F�  ��� J�G�  ���
K�D�  � K�E�  �� K�F�  �� K�G�  ��

1RWH WKDW ERWK I� J DUH LQMHFWLYH EXW K LV QRW

EHFDXVH K�DF�  K�ED�  ����

��



+8))0$1 (1&2',1*6 $1' (17523<
)RU DQ\ HQFRQGLQJ RI ; DQG SUREDELOLW\ GLV�
WULEXWLRQ RQ ; ZH GHnQH WKH HpFLHQF\ RI WKH

HQFRGLQJ

/�I�  
;
[�;

S�[�MI�[�M

4XHVWLRQ� +RZ GR ZH PLQLPL]H /�I�"

7KHRUHP� 7KHUH LV DQ DOJRULWKP �NQRZQ DV

+XmPDQ DOJRULWKP� WKDW FRPSXWHV D ?PLQL�
PDO� HQFRGLQJ� 0RUHRYHU� WKH HQFRGLQJ SUR�
GXFHG E\ WKH DOJRULWKP VDWLVnHV

+�;� x /�I� x +�;� � �

7KH DOJRULWKP LV DV IROORZV� %HJLQ ZLWK WKH
SUREDELOLW\ GLVWULEXWLRQ RI ; DQG DVVLJQ FRGH

� WR HDFK HOHPHQW� ,Q HDFK LWHUDWLRQ WZR HO�
HPHQWV ZLWK ORZHVW SUREDELOLW\ DUH FRPELQHG
LQWR RQH HOHPHQW ZLWK SUREDELOLW\ WKH VXP RI

WKH WZR SUREDELOLWLHV� 7KH VPDOOHU RI WKH WZR
LV DVVLJQHG ?�� DQG WKH ODUJHU ?��� :KHQ RQO\
RQH HOHPHQW UHPDLQV WKHQ WKH FRGLQJ IRU HDFK

[ � ; FDQ EH FRQVWUXFWHG E\ IROORZLQJ WKH VH�
TXHQFH RI HOHPHQWV ?EDFNZDUGV��

��



([DPSOH� /HW ;  ID� E� F� G� HJ KDYH WKH SURE�
DELOLW\ GLVWULEXWLRQ S�D�  ���� S�E�  ��� S�F�  

���� S�G�  ���� S�H�  �� +XmPDQ
V DOJRULWKP

ZRUNV DV IROORZV

D E F G H

��� ��� ��� ��� ���
� �

��� ��� ��� ���
� �

��� ��� ���
� �

��� ���
� �

���

:KLFK JLYHV WKH HQFRGLQJ

V\PERO D E F G H
I�V\PERO� ��� ��� ��� ��� �

:H VHH HDVLO\ WKDW /�I�  ��� DQG +�;�  

�������

��



7KH +XmPDQ 7UHH
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7KH FRQGLWLRQDO HQWURS\ PHDVXUHV WKH DYHU�

DJH DPRXQW RI LQIRUPDWLRQ DERXW ; WKDW LV

UHYHDOHG E\ < � )RU ;�< U�Y� ZH GHnQH WKH

FRQGLWLRQDO HQWURS\ E\

+�;M\�  b3
[ S�[M\� ORJ S�[M\�

+�;M< �  b3
\ S�\�+�;M\�

3523(57,(6 2) (17523<

/HW WKH U�Y� ; WDNH RQ YDOXHV [�� � � � � � [P DQG
OHW SL  3U>;  [L@� /HW WKH U�Y� < WDNH RQ

YDOXHV \�� � � � � � \Q DQG OHW TM  3U><  \M@�

�� +�;� x ORJP� ZLWK HTXDOLW\ � � L�SL  
� P��

�� +�;�< � x +�;� � +�< �� ZLWK HTXDOLW\ �
;�< DUH LQGHSHQGHQW�

�� +�;�< �  +�< � �+�;M< ��

�� +�;M< � x +�;�� ZLWK HTXDOLW\ � ;�< DUH
LQGHSHQGHQW�

��



:H QHHG -HQVHQ
V LQHTXDOLW\� ,I I LV FRQWLQXRXV

DQG VWULFWO\ FRQFDYH RQ WKH LQWHUYDO , �H[DP�

SOH� ORJ[� DQG DL ! �� � L� D� � c c c � DP  �

WKHQ

P;
L �

DLI�[L� x I

�
# P;
L �

DL[L

�
$ �

ZLWK HTXDOLW\ � [�  c c c [P  � P�

3URRI RI ��

+�;�  b3P
L � SL ORJ SL

 
3P

L � SL ORJ�� SL�x ORJ3P
L � SL�� SL�

 ORJP�

ZLWK HTXDOLW\ � S�  c c c  SP  � P�

3URRI RI �� 'HQRWH E\ UL�M  3U>;  [L� <  

\M@ DQG REVHUYH WKDW

SL  
Q;

M �

UL�M� TM  
P;
L �

UL�M�

��



+�;� �+�< �  b3P
L � SL ORJ SL b

3Q
M � TM ORJ TM

 b3P
L �

3Q
M � UL�M ORJ SL

b 3Q
M �

3P
L � UL�M ORJ TM

 b3P
L �

3Q
M � UL�M ORJ�SLTM��

DQG

+�;�< �  b;
L�M

UL�M ORJ UL�M  
;
L�M

UL�M ORJ
�

UL�M

,W IROORZV IURP �""� DQG -HQVHQ
V LQHTXDOLW\
WKDW

+�;�< �b+�;�b+�< �  
3

L�M UL�M ORJ
SLTM
UL�M

x ORJ3
L�M UL�M

SLTM
UL�M

 ORJ
3

L�M SLTM  ��

ZLWK HTXDOLW\ LI DQG RQO\ LI UL�M SLTM  F� � L� M�
IRU VRPH FRQVWDQW F� :H FRQFOXGH WKDW F  �
XVLQJ WKH HTXDWLRQ

�  
;
L�M

UL�M  F c;
L�M

SLTM  F c
�
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L

SL

�
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M
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�
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3URRIV RI � 	 �� DUH HDV\�
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(17523< $1' &5<3726<67(06

.H\ HTXLYRFDWLRQ� +�.M&��

7KHRUHP� )RU DQ\ FU\SWRV\VWHP +�.M&�  
+�.� �+�3�b+�&��

2EVHUYH WKDW E\ SURSHUW\ ��

+�.�3�&�  +�.�3� �+�&M.�3�
+�.�3�&�  +�.�&� �+�3 M.�&�

6LQFH WKH NH\ DQG SODLQWH[W GHWHUPLQH XQLTXHO\
WKH FLSKHUWH[W� L�H�� \  (N�[�� ZH KDYH WKDW
+�&M.�3�  �� +HQFH� ZH KDYH +�.�3�&�  
+�.�3�� 6LPLODUO\� NH\ DQG FLSKHUWH[W GHWHU�
PLQH XQLTXHO\ SODLQWH[W� L�H� [ 'N�\�� +HQFH�
+�3 M.�&�  � DQG +�.�3�&�  +�.�&��

6LQFH .�3 DUH LQGHSHQGHQW +�.�3�  +�.��
+�3��

+HQFH� +�.�3�&�  +�.�3�  +�.��+�3��

+�.M&�  +�.�&� b +�&�  +�.�3�&� b
+�&�  +�.� �+�3�b+�&��

��



�3UHYLRXV� ([DPSOH

/HW 3  ID� EJ� .  IN�� N�� N�J� ZLWK S3 �D�  

� �� S3�E�  � �� S.�N��  � �� S.�N��  

S.�N��  � �� /HW &  I�������J�
+�3�  b�� ORJ �� b �� ORJ �� } ����
+�.�  b�� ORJ �� b ��� ORJ ��  ���
+�&�  } ����

7KH HTXLYRFDWLRQ RI WKLV FU\SWRV\VWHP LV JLYHQ

E\ WKH IRUPXOD

+�.M&�  +�.� �+�3�b+�&�
 ���� ����b ����
 ����

7KLV LV WKH DPRXQW RI LQIRUPDWLRQ DERXW WKH

NH\ ZKLFK LV UHYHDOHG E\ WKH FLSKHUWH[W�

��



6385,286 .(<6

6XSSRVH ZH DUH ORRNLQJ DW FLSKHUWH[W RQO\ DW�

WDFNV LQ D JLYHQ FU\SWRV\VWHP� /HW XV DVVXPH

WKDW D SODLQWH[W [  [� c c c[Q IURP D QDWXUDO

ODQJXDJH� VD\ HQJOLVK� LV HQFLSKHUHG DV FLSKHU�

WH[W \  \� c c c \Q�

,Q JHQHUDO� LW PD\ EH SRVVLEOH WR UXOH RXW FHU�

WDLQ NH\V� EXW PDQ\ ?SRVVLEOH� NH\V UHPDLQ�

RQO\ RQH RI ZKLFK LV WKH FRUUHFW RQH� 7KH UH�

PDLQLQJ SRVVLEOH EXW LQFRUUHFW NH\V DUH FDOOHG

VSXULRXV�

([DPSOH� &RQVLGHU WKH FLSKHUWH[W :1$,:

ZKLFK ZDV HQFU\SWHG XVLQJ WKH VKLIW FLSKHU� %\

DQDO\]LQJ WKH FLSKHUWH[W LW LV HDV\ WR VHH WKDW

WKHUH DUH RQO\ WZR PHDQLQJIXO WH[WV� ULYHU DQG

DUHQD� 2I WKH WZR NH\V RQH LV FRUUHFW �ZLWK

VKLIW �� DQG WKH RWKHU LV VSXULRXV �ZLWK VKLIW

����

4XHVWLRQ� ,V WKHUH D ERXQG RQ WKH �H[SHFWHG�

QXPEHU RI VSXULRXV NH\V"

��



(17523< $1' 5('81'$1&<

/HW 3Q EH WKH UDQGRP YDULDEOH ZKLFK KDV DV

SUREDELOLW\ GLVWULEXWLRQ DOO Q�JUDPV RI SODLQWH[W

LQ D �QDWXUDO� ODQJXDJH�

)RU D JLYHQ QDWXUDO ODQJXDJH /� WKH HQWURS\

RI / LV GHnQHG E\

+/  OLP
Q��

+�3Q�

Q
�

DQG LV WKH DYHUDJH DPRXQW RI LQIRUPDWLRQ SHU

OHWWHU LQ D PHDQLQJIXO VWULQJ RI SODLQWH[W� �1RWH

WKDW D UDQGRP VWULQJ RI OHWWHUV ZRXOG KDYH HQ�

WURS\ ORJ�� } ������ 7KH UHGXQGDQF\ RI / LV

JLYHQ E\

5/  �b
+/

ORJ M3 M�

$ UDQGRP ODQJXDJH KDV HQWURS\ ORJ M3 M �DQG
UHGXQGDQF\ �� DQG VR 5/ PHDVXUHV WKH IUDFWLRQ

RI ?H[FHVV� FKDUDFWHUV ZKLFK DUH WKRXJKW RI DV

UHGXQGDQW�

��



([DPSOH� )RU WKH HQJOLVK ODQJXDJH WDEXOD�

WLRQV KDYH EHHQ PDGH RI +�3Q� \LHOGLQJ

+�3� } ����
+�3�� } ����

%\ SHUIRUPLQJ H[SHULPHQWV LQ FRPSXWLQJ WUL�

JUDPV� HWF�� LQ WKH OLPLW ZH REWDLQ WKDW ��� x
+/ x ���� L�H� WKH DYHUDJH LQIRUPDWLRQ FRQWHQW
LQ (QJOLVK LV DERXW ��� ELWV SHU OHWWHU� 6XEVWL�

WXWLQJ

+/ 5/
���� �b ���� ORJ ��  ����
���� �b ���� ORJ ��  ����
���� �b ���� ORJ ��  ����

6R UHGXQGDQF\ LQ WKH (QJOLVK ODQJXDJH UDQJHV

IURP ��� WR ���� L�H� LI 5/  ���� ZH FDQ

nQG D +XmQDQ HQFRGLQJ RI Q�JUDPV �IRU Q VXI�

nFLHQWO\ ODUJH� WKDW ZLOO FRPSUHVV HQJOLVK WR

DERXW D TXDUWHU LWV RULJLQDO OHQJWK�

��



7KHRUHP� &RQVLGHU D FU\SWRV\VWHP ZLWK M3 M  
M&M� NH\V DUH FKRVHQ HTXLSUREDEO\� DQG 5/ LV WKH

UHGXQGDQF\ RI WKH XQGHUO\LQJ ODQJXDJH� )RU

Q VXpFLHQWO\ ODUJH� WKH H[SHFWHG QXPEHU �GH�

QRWHG E\ xVQ� RI VSXULRXV NH\V RI D JLYHQ VWULQJ

RI FLSKHUWH[W RI OHQJWK Q VDWLVnHV

xVQ y M.M
M3 MQ5/

b �

3URRI� &RQVLGHU WKH VHW RI ?SRVVLEOH� NH\V

JLYHQ WKDW \ � &Q LV WKH FLSKHUWH[W� L�H��

.�\�  IN � . � � [ � 3Q�(N�[�  \	S3�[� ! ��J
6LQFH H[DFWO\ RQH RI WKH ?SRVVLEOH� NH\V LV FRU�

UHFW ZH KDYH WKDW M.�\�M b � LV WKH QXPEHU RI
VSXULRXV NH\V�

7KH H[SHFWHG �DYHUDJH� QXPEHU RI VSXULRXV

NH\V LV JLYHQ E\

xVQ  
3

\�&Q S�\��M.�\�M b ��
 

3
\�&Q S�\�M.�\�M b 3

\�&Q S�\�
 b��3

\�&Q S�\�M.�\�M
��



%\ WKH SUHYLRXV WKHRUHP ZH KDYH +�.M&Q�  

+�.� �+�3Q�b+�&Q��

)RU Q VXpFLHQWO\ ODUJH ZH KDYH +�3Q� } Q+/  

Q��b5/� ORJ M3 M DQG FOHDUO\� +�&Q� x Q ORJ M&M�
6LQFH� M&M  M3 M ZH KDYH WKDW

+�.M&Q� y +�.�b Q5/ ORJ M3 M� ���

+RZHYHU� ZH KDYH

+�.M&Q�  
3

\�&Q S�\�+�.M\�
 

3
\�&Q S�\� ORJ M.�\�M

x 3
\�&Q S�\�M.�\�M

 ORJ�xVQ���

���

&RPELQLQJ LQHTXDOLWLHV ���� ��� ZH REWDLQ WKH

LQHTXDOLW\

ORJ�xVQ��� y +�.�b Q5/ ORJ M3 M�
:KHQ NH\V DUH HTXLSUREDEOH� +�.�  ORJ M.M
DQG WKH WKHRUHP IROORZV�

��



81,&,7< ',67$1&(

7KH XQLFLW\ GLVWDQFH RI D FU\SWRV\VWHP LV WKH

YDOXH RI Q DW ZKLFK WKH H[SHFWHG QXPEHU RI

VSXULRXV NH\V EHFRPHV ]HUR� L�H�� WKH DYHUDJH

DPRXQW RI FLSKHUWH[W UHTXLUHG IRU DQ RSSRQHQW

WR EH DEOH WR XQLTXHO\ FRPSXWH WKH NH\ JLYHQ

HQRXJK FRPSXWLQJ WLPH� ,I ZH VHW xVQ  � DQG

VROYH IRU Q ZH REWDLQ WKH IRUPXOD

Q } ORJ M.M
5/ ORJ M3 M

([DPSOH �� ,Q WKH VXEVWLWXWLRQ FLSKHU M3 M  
�� DQG M.M  ���� ,I ZH WDNH 5/  ���� ZH

REWDLQ DV XQLFLW\ GLVWDQFH WKH YDOXH

Q } ORJ�����

���� ORJ��
} ���

ZKLFK PHDQV JLYHQ D FLSKHU RI DW OHDVW �� FKDU�

DFWHUV D XQLTXH GHFU\SWLRQ LV SRVVLEOH�

([DPSOH �� ,Q WKH VKLIW FLSKHU M3 M M.M  ��
DQG WKH XQLFLW\ GLVWDQFH LV DSSUR[LPDWHO\ �����

��


